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1. Introduction  

 

 Our aim in this paper is solving the unconditional  extremum problem in 

metric space.  Using the distance function some theorems are obtained on the exact 

penalty, and high order necessary and sufficient conditions are derived  within 

constraints. The exact penalty function is constructed [3]  for the extremal 

problems with constraints using the distance functions, in the class  of Lipschitz 

functions, which is defined  for    ,,,   and    ,,, in [2]. In the point of 

Banach space, where some properties of the penalty functions corresponding are 

studied, and extremal problems with constraints are investigated.  

 

2. Preliminary facts 

 

Let ),(),,( YX dYdX  be metric spaces, :F  operator, ),( rxBX  -sphere 

of radius r , with the center at the point x  of the  space X ; ),( zyBY  -sphere of 

radius r , with the center at the  point y  of the  space Y . Let XU   be open set.  

We say (see [1]), that the  operator F covers on the set U  with the constant  

0a  if for any UrxBX ),(  the inclusion  

)),(()),(( arxFBrxBF YX   

 is valid. 

Let’s define  

 Myyxdxd XM  :),(inf)( , 

where XM  . 
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3. Main results 

 
Lemma 1. Let XSM   and x  be a minimum  point of the function 

RXf :  on the set M , the function f  satisfies to the  Lipschitz condition  on 

the set S  with the constant .K  Then for any KK   the function 

)()()( ydKyfyg M  reaches the  minimum on the set S  at the  point x  and if 

M   is closed and KK  any point minimized )(yg  on set S  belongs to M . Let  

 .),(:);(   xdXxB  

Proof.   Let the first statement of  lemma 1 be not satisfied, i.e. there exists Sy , 

such that )()( xgyg  . Then there exists such Sy  and 0  that 

 KxfyKyf  )()()( .  

Suppose  that  the point Mc  satisfies to the condition    )(),( ycyd . 

Then  

)())(()(),()()( xfyKyfcydKyfcf   . 

But this is contrary to the fact that x  gives minimum to f  in the set M .  

Let KK   and y  minimized the function g  on S . Then  

)(
2

)()()()( y
KK

yfxfyKyf 


 . 

From this we obtain that 0)( yg . Since M  is closed set, My .  

Lemma is proved.  

Let us consider minimization of the function RXf :  on the set 

 )()(: 0xFxFGxM  , where G  is an  open set in X  and YGF :  

operator. 

Theorem 1. Let Y  be Banach space, G  be an open set in X ,  X - full metric 

space, the continuous operator YGF :  covers with a constant 0a  on the open 

set GXG  ;  bounded set; there exists a number 0  such, that 

  )()(:)()(:,);( 00 xFxFxxFxFGxGB    ; f  satisfies to the  

Lipschitz condition on the set   with the constant K  and the point 0x  be a 

minimum point of  the function f  on the set  )()(: 0xFxFxM  . Then 

there exists such number 0L , that 0x  is a minimum point for the function 

)()()( 0xFxFLxf   on the set  .  

Proof.  It is clear that M  and the conditions of  lemma 1 are satisfied. Then as 

follows from lemma 1 
0

x  gives minimum to the function ),()( MxKxf   on the 

set  , when KK  .  

On the base of  lemma 44 [1] there exists a number L  such, that the inequality 

)()(),( 0xFxFLMx  , 
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holds when  x . Thus, the inequality  

)()()(),()( 0xFxFLKxfMxKxf   , 

also holds when  x . Since  Mx 0 , we obtain that  

)()()(),()()( 000000 xFxFLKxfMxKxfxf   . 

Then by x  

)()()()()()()( 00000 xFxFLKxfxFxFLKxfxf  . 

Theorem is proved. 

 Let X  and Y  be Banach spaces. If YXA :  is a  linear continuous 

operator and YXA )( , it follows from of the  theorem on the open mappings that  

there exists a number 0a  such, that ),()),(( arAxBrxBA YX   at ,, orXx    

the operator A  covers on X  with the constant a . 

 Lemma 2. If X  and Y  are Banach  spaces, G - open set in ,X YGF :   is 

strictly differentiable, YxF  )(Im  at Gx  and   1
*))((

 xF  is bounded in 

G ,  then F  covers with the constant  

                                               
  1

*))((sup

1








xF
Gx

   

on the set G . 

Proof.  As follows from Lusternik-Grayvs  theorem [4], for any Gx  the exists 

0)( xK , such that )))()(()),(( tzKxBFtzFB   by enough close to zx,  and small 

0t . It means that there exist 0)(1 x  and  0)(2 x , such, that  

))(,((),(( txKzBFtzFB  , 

for )(1 xxz   and )(0 2 xt  . Taking txK )(  we have  

)),((
)(

1
),(  zBF

xK
zFB 








,  

by )(1 xxz   and )()(0 2 xxK   .  Moreover, upper  bound of  )(xK  is 

equal to 1]))([(  xF . If we assume that 1]))([()(  xFxK  and  

1]))([(sup

1





xF

a

Gx

, we get )),(()),((  zBFazFB   for )(1 xxz   and 

)()()(0 22 xxKx   . 

Applying  lemma 5 [43] or theorem 5-48 [4]  we get the proof of lemma 2. 

Lemma is proved.  

Let X  be Banach space 

  fdomxxfXxfdomRRXf  0,)(:,: .  
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Let’s define (see [2]) 
t

xftxxf
xxf

t

)()(
lim);( 00

0
0






 , 

t

xftxxf
xxf

t

)()(
lim);( 00

0
0






 ,  );(),;(max);( 000 xxfxxfxxf I   . 

Let  )( 0xf . Let’s define (see [3])   

t

tyf
xxf

t

ox
xfy












 )(
lim);(

0

,),(
0 , where the symbol 0),(

x
fy   

means, that  

 )(,)(:),()(),( 0,0 xfxyxfRXxfEy   . 

We say, that the function f  in  the point fdomx 0  admits sublinear 

approximation )(xh , if )(xh  sublinear semi-continous from below function and 

);()( 0 xxfxh I  at Xx . Sublinear approximation h  of the function f  in the  

point 
0

x  refers to as the main approximation, if there not exists  another sublinear 

approximation 1h , such, that )()( 1 xhxh   at Xx . Further we accept, that the 

main sublinear approximation )(xh  of  the function f  in  the point 0x  

additionally  satisfies to the inequality: );()( 0 xxfxh    by Xx , and )0(h  we 

call as a main approximate on  subdifferential of the function f  in  the point 
0

x  

and denote by )( 0xfгл  [2].  

 Let 
*B be unit sphere in  *Y . 

Theorem 2.  If X  and Y  are Banach spaces, the condition of the theorem 1 are 

satisfied, int0x  and YXF :  is strictly differentiable at the  point 
0

x , then 

there exists a number 0L such, that  

)()(0 0
*

0 xFLBxfm  . 

Proof.  On the base of theorem 1 there exists such 0L , that the point 
0

x  is a 

minimum point for the function )()()()( 0xFxFLxfxg   on the set  . 

Since int0x , it is easy to cheek that  )( 0xgo m . From theorem 1.2 [1]   

follows that  

)()()( 0
*

0
0

xFBxFxF
xx

m 


. 

Under the conditions of theorem 2 the relation  

)()()( 0
*

00 xFLBxfxg mm  , 

is valid (see [2]). Therefore  

)()(0 0
*

0 xFLBxfm  . 

The theorem is proved.  
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Theorem 3. Let YX ,  be Banach spaces, G -open set in X  and YGF : , 

operator, the point 0x  be a local minimum of the function f  on the set 

 fxFxFGxM ,)()(: 0  satisfies to Lipschtz condition in the neighborhood 

of the point Fx ,0  is strictly differentiable at the point 
0

x  and YXxF  )( 0 . 

Then there exists a number 0L  such, that  

)()(0 0
*

0 xFLBxfm  . 

Proof. Consider the problem  

0)()(inf,)( 0  xFxFxf .                                        (1) 

It is clear that 
0

x  is a local minimum point also for the problem (1), i.e. there 

exists such 0 , that 
0

x  is a minimum point for the problem (1) in the     

neighborhood of this point. Taking )}()(:),({ 00 xFxFxBxC   , on the base 

of the lemma 1 we get that the function )()( xKdxf c  reaches its minimum on  

),( 0 xB  in the point
0

x . Since F  is strong differentiable in the point 
0

x  

and YXxF  )( 0 , then as follows from theorem 2.2 [1] there exists a neighborhood 

)( 0xO  of the point
0

x , and 0m  such holds that the inequality 

)()()( 0xFxFmxdc    holds for )( 0xOx . Therefore  

)()()()()()()()( 0000 xFxFKmxfxKdxfxFKmxfxf c  , 

by )(),( 00 xOxBx   , i.e. the point 
0

x  gives minimum to the function 

)()()( 0xFxFKmxf    on the set )(),( 00 xOxBx   . Since F  is strong 

differentiable in the point 
0

x ,  it follows from preposition 2.2.1 [3] that F   

satisfies to the Lipschitz condition in the neighborhood of the point 
0

x . Then from 

the theorem 1 we have that  
0

))()()((0 0 xx
m xFFKmf   . Applying the 

theorem 1.3 and lemma 1.8 [2], we obtain that )()((0 0
*

0 xFKmBxfm  . The 

theorem is proved.    

  

References 

 

1.  Milyutin A.A., Dmitruk A.V., Osmolovsky N.P. Maximum principle   in the 

optimal control, 2004, 167 p.  

2.  Sadigov M.A. Investigation of the nonsmooth optimization problems, Baku, 

2002, 125 p. 

3.  Clark F. Optimization and nonsmooth   analysis, M.: Nauka, 1988, 280 p.  

 



H.S. AKHUNDOV:  ON AN EXTREMUM PROBLEM IN THE METRIC SPACES 

 59 

 4. Ioffe A.D. Metric regularity and subdifferential calculus, Uspekhi                              

Math. Nauk, Vol.55, No.3, 2000 , pp.103-162. 

 

 

Metrik fəzada ekstremum məsələsi 

 

H.S. Axundov 

 

XÜLASƏ 

 
İşdə metrik fəzada şərti ekstremum məsələsinə baxılır. Əgər məhdudiyyət operatoru 

örtülmə xassəsinə malik olarsa, onda şərti ekstremum məsələsi şərtsiz ekstremum 

məsələsinə gətirilir. Şərti ekstremum məsələsinin həlli üçün zəruri şərt tapılır.  

Açar sözlər:   Banax fəzası, ciddi diferensiallanan  optimallıq şərti. 

 
 

Задача экстремума в метрическом пространстве 

 

Х.С. Ахундов 

  

РЕЗЮМЕ 

 
В работе рассматривается задача экстремума в метрическом пространстве. 

Используя понятие накрывания операторов, задача на условной экстремум 

приводится к задаче на безусловный экстремум. Находится необходимое условие для 

решения задачи условного экстремума.  

Ключевые слова: Пространство Банаха, строго дифференцируемость, условия 

оптимальности.  


